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0000ooooooooooo), pd

so = 0;
for 1=1:n

Si = Si—1®pi; 4 D: fl-pt add
end

Joobtdbuobbotdtdbbs, by

sz — Sn
qu;

O0000uwdOOOO0Ocond() p;)000000D0O0O0DOODOO0O

< O(u)cond(z Di)
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a) 0000000000 DOOoOooDOd
b) J0DO0DO0ODODOOOOODOOODOODOODO (precision)
c) 0O00D00DOO0DO0ODODOODOO (accuracy)
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b)0ODODDODODODODOOD0OO00000 reseFOODOO

res — > p;l
> pil

U Oupe UOODOOUOOu UUODODOOOODOOOUO

S Uout + uintCOHd(Z pz)

cmdiph.lzi;(mmmmmmmmmmm)
pi

— u;ye precision (0000000000000 OOOOOO)
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precision[] accuracy (2)

c) 0000000000000 00000 reseFOOOO

res — > p;| -

>~ Ugol
> pil ’
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— u,, accuracy (000000000000 OO0DOO0OCO
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e U UDODODODOOOOONO

i) 0000000 (@ODO)0 (O(nlogn) operations)
i) 0000000000000 (O(n) operations)

e I0DOOODOOODODO (less compiler optimization)

e 000D ODOO(DOODDOO)DDDOOOODOODOOOO
000 (@OOooDoo)ood (less portability)

e 1D 0O0ODDOODDOOODOOO (less portability)
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~

' Knuth (1969) [x,y] = TwoSum(a,b) = x+y=a+Db

Dekker (1971) |z,y] = TwoProduct(a,b) = z+y=axb
N J

Error-free! (00O O0OOONO)
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TwoSum (Knuth, 1969)

z,y] = TwoSum(a,b) = a+b=z+y (jy/<ulz))

P, © : floating point addition and subtraction

N
! function |[z,y] = TwoSum(a,b)
r =a® b;
C =IO a;
Y= (@000
/

Computational cost: 6 flops
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53 E w k

TwoSum(a, b)

Figure 1: 000000 TwoSumO O OO0 OO0 OOOOOOOO
Jdoogodoooogddoooodddoodoontdtdn
la| > [b|O0
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TwoSum’ (Dekker, 1971)

,y] = TwoSum'(a,b) = a+b=z+y (ly <ulz|)

.
: function [z,y] = TwoSum’(a,b)
x = a® b;
if |a| > b
y=0b6 (xS a);
else
y=a0 (xOb);
N /

3 flops + taking 2 absolute values + 1 comparison
—> Computational speed slows down
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Split (Dekker, 1971)

lag,ar] =Split(a) = a=ag+ar (lag|>lar])

® : floating point multiplication

4 N
function [agy,ar] = Split(a)

c = factor ® a; 7% factor = 2@ +1
ag =cO (cSa);
ar = a O ag;

4 flops
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a

Split(a)

apg

CZL' ________ |

Figure 2: 0 O0OO0OOSplit0 O O0O0OOO
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TwoProduct (Veltkamp [Dekker, 1971])

lz,y] = TwoProduct(a,b) = axb=x+y (lyl<ulzx|)

4 N
function |[z,y| = TwoProduct(a,b)

xr=aQ b;
lag,ar] = Split(a); % ag+ap«—a
b, br] = Split(b); % by + by, «— b
] y=ar, b, O (((tSag@by)Sar by) S ay Rbr);

17 flops
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TwoProductFMA

FMA: Fused Multiply-Add (standardized by IEEE 754-2008)
By FMA(a,b,c), d := a * b+ ¢ can be calculated in 1 flop.
Result d is rounded to the nearest floating point number.

4 N
function |z,y] = TwoProductFMA (a,b)
r=a®b;
Yy = FMA(&, b7 _$)7

N /

17 flops = 2 flops
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OO0 0d0dOdognd error-freel] [

For p € ", we can obtain the following p’ € [F":

p'=VecSum(p) = m+ Y ¢=) pi
1=2 1=1

CE" R

P1 T2 T3 Tp—2 -1 Ty,
—> TwoSum TwoSum ——>— —>— TwoSum > TwoSum (———>

CE CC

O000000000000000000 -19/66
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VecSum

p'=VecSum(p) = ) pi=)
i=1 i=1

(so-called distillation algorithm)

-

-
function p = VecSum(p)
for 1=2:n
[Dis Pi—1] = TwoSum(p;, p;—1);
J

6n flops
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VecSum can be applied iteratively:

n n

mn
VecSum VecSum VecSum
>, YesSum, 5, VecSum, 57, Vecsum, .

1=1 1=1 1=1

= Y pi=) pi=) vl =
1=1 1=1 1=1

Error-free!
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7 | ps | P Jvs

D1

\
\
\
\

\

/! /! /! /!

/!

P1

|
|

1

Ps

/1!
} Py’ * 24 * Py’ } Py

Example: n =5, K = 4.
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SumK

res = SumK(p, K) = res~ sz'
i=1

function res = SumK(p, K)
for k=1 K—-1

p = VecSum(p);
end

n—1
res:pn@ﬂ<2pi); 0fi(): 00000000
=1

(6K — 5)n flops
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SumKD OO OO

cond (" pi) = %gj (O00000)

SumKOOOOvresceFOO OO

|res o sz|
> il

<u+ O(u Cond sz

— 0 ouooog KO
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HRERERERN

TwoProduct U OO OO OOOOONOO

For x, y € F", using [h;, ;] = TwoProduct(z;, y;)

Z%; Yi = Z(hz + 74) ( th)

1=1

Error-free! (provided no underflow occurs)
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Dot2

function res = Dot2(z,y)
p=70; s=0;
for 1=1:n
lh,r] = TwoProduct(z;, y;);
D, q] = TwoSum(p, h);

s=sD(qDT);
end
res = pod s;

251 flops
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DotK

function res = DotK(z,y, K)
ip,71] = TwoProduct(z1,y1);
for 1 =2:n
|h, ;] = TwoProduct(x;, y;);
D, 7n1i—1] = TwoSum(p, h);
end
Ton = P,
res = SumK(r, K — 1);

(12K + 1)n flops
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DotKU OO OO

r,y e R, 0000 O0oOn

DotKUOUOOOOOvresecFUOOO

T
res —
| =) <u+ O(u”)cond(z'y).

[ty

— g oodon K
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HRERERN

We evaluate accuracy of Dot2 and DotK.

e 1= 2000 (1000 samples)

e Elements of z,y € IF": pseudo-random fl-pt numbers in
[—1,1] s.t. cond(z'y) is from 2 to 102"
T
res —
e Plot the relative error ‘ y|

where res is the result of
21y

Dot2 or DotK (K =3:7)
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relative error

10

10

10—10

10—15

-20

10

Algorithms Dot2 and DotK, K=3:7, n = 2000, 1000 samples

AW iyv TS

10

20

10

40

1060

condition number

1 080 1 0lOO
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O0o0o0A00O0D0nDA000DOD0O0Oo0oooooon

k(A) = [JAll - [A7.

— | k(A)ODDO00D000000000

— 00000000000 Az=0000002* := A~ 00
JU00000Ay =0+ Ab0y* := A~ 1(b+ Ab)OO
0000000000 Az=y*—2*00000000

|Az| |Ab]]

< K(A)Te
|z~ | 1]
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A:(&ij),B:(bij)ERnxn
¢ |[ADADDDOOOODOOOODO0D0D|A| = (|ay)O
e A<BOODOO (4,/)00000a;; < by,

00000 o0dodddnotationd U 0 0O
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AN

k(A) ~ k(U)

000000000 X,0000000x(A)00000kx(AXy)
J0D0000000000000kK(AXy) < u™ 'O

|UXy —1I|| < 1 (1)

— A0OOOOODOOOO OCrout OO OO
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Al XpgOoooooooooo

| X AXy — 1] <1 (2)

Jood
|AXy Xy — 1] <1 (3)
J000000LO00000X,, 0000000000000

— Juuootgtd

oo A00DO0 XpODOOoooond
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0000
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Cr.r = {A1=pBqu}%<a Ch.1 = Z C;, C; e F*7"
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Proposition 1. A ¢ F**"O0000 X, 00 LUOOODO QR
bbbt bdbibdtdibnxnnddnO0odnOdon
Oo0o0odgoboobodtdideg>10000booodonnd

kK(AX1.) =1+ 0" - k(A4) (4)

N

/

Remark 1. A=Y" A, A, cF>"000000000000
J0000000000000000000000000000

Jopoouddgboooodddboootdddoboooddding
HRERERERERNRERERNIN
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O QROODODDODODOOOODOOOODOOOOO
e 000 OOODOOOOOUu=2"~1.1-10"1°0

e UOUOUOUURump OUOOINTLABU randmat(n,cnd) [

e n = 1000 cnd = 101990 A € F100>10000 ,(A) ~ 1.75 - 101070
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Table 1: RumpO 0007 = 100 and x(4) ~ 1.75- 101700 O
OooLwoooon

k w(Uyg) k(1) k(AX71.1) ukli(A)
3.50-10% 3.50-10® 2.37-10%% 1.94 107"
5.28 - 10 5.28-10'% 2.18-107® 2.16-107°
4.01-10® 4.01-10® 1.79-10% 2.39-10°°
4.85-10® 4.85-10'% 3.45.10*® 2.66-10%*°
1.99-10%® 1.99-10'® 6.77-103% 2.95.10%7
1.16-10® 1.16-10'® 1.30-10'® 3.27-10'!
273107 2.73-10'7 3.96-10°2 <1
1.91-10% 191-10% 8.68-10' <1

O ~J O O i W N
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Table 2: RumpO 0007 = 100 and x(4) ~ 1.75- 101700 O
OO0 QROCDOODO

k  k(Ry) k(1) k(AX1.,) ufk(A)
3.27-10"° 3.27-10'Y 2.00-10% 1.94.10°
1.86-10 1.86-10'? 1.06-107" 2.16-107
7.97-10'7 7.97-1017 1.61-10%% 2.39-10°°
2.20 - 1017 2.20-10'" 4.23-10%* 2.66-10*3
2.31-10'7 2.31-10'7 2.00-10%2 2.95.10%7
4.04-10'7 4.04-10'" 6.69-10'¢ 3.27.10
2.18-10*% 2.18-10'% 1.39-10° <1
1.39-10° 1.39-10° 1.00-10° <1

O ~J O O i W N
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JO0(1): 0000000

0000000000000 00000000000000
1. A/ 00 LUOOOCrout0 00 ADDDOO

PA'Xy~L & XL AP=~L'
2. y={X{ -0} 000
3.00000LT=y000000000000z0000

4. r = PzO OO
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0000 (1): (00000 )HilbertD O H,

H, 0000000000, <210000000000000000
o n =15 (k(His) ~ 6.12 x 10?Y)
e 000b=Hizec FP0e:=(1,...,1)%

e Hsr =b00OO000H b=e=(1,...,1)T

(Matlab demo)
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0000 (2): RumpO OO

Juobbobooggddobbobobobonooggtdddoon
Juoootdbobbotdtdbbotgtduobootgdydn

e RumpU 00 randmatOn =5000 0000 10%°0 0O 10*°°0

e 100000 DOO0DODOOODOE =107

e OO0 OODUOODUOODODUOGMPULOUODODOODOOOOUO
(1 O O O trial-and-error ] [ [
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function x = test_gmp_lin(A,b,tol)
d = 53; 7 equal to using double precision
xt = A\b; 7 Solve Ax = b in double precision
while 1
d = 2%*d; % d = 106, 212, 424,
% Solve Ax = b by GMP-based GEPP
x = gmp_lin(A,b,d);
if norm(xt-x) <= tol*norm(x), break, end
Xt = X;
end
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Table 3: Results for Rump’s matrices with n = 500

Proposed algorithm GMP-based GEPP
IQ(A) €1 tl ™m €9 t2 d/53
1.3-10%° 29.1071% 128 2 1.2-1071¢  52.02 4
1.7-10% 25-107" 395 3 1.2-10716 125.24 8
2.7-10% 42-1071° 887 4 1.2-10716 125.24 8
1.1-10* 1.2-1078 923 4 1.2-1071% 125.79 8
50-10%° 3.1-1071% 16.27 5 1.2-10716  125.92 8
7.0-107 5.1-107% 2594 6 1.2-1071%  304.96 16
3.9-10%0 76-107'1 26.39 6 1.2-107% 315.46 16
2.7-1092 5.4-10713 39.88 7 1.2-107% 311.71 16
8.0-10193 4.2.-10"1° 56.44 8 1.2-107% 317.07 16
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000 (2): 000000

0000000000000 000LW0000U;000000
det(A) ~ det(PTLU) = det(P) det(U).

Jogoobobobbbooobobobouoddddddntgn

Joobobobboobobobobuoddddodygn
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X, Xp: L, UuO00dooon
B := X PAXy = det(B) = det(P)det(A) det(Xy) =
det(A) = det(P) det(B)/ det(Xy) (6)
— B: 0000000000000, det(B) ~ 1
— Gershgorin L J O0O0O0BO0O00O0O0OOOOO

— det(B)DDOODOO
— (6)0000det(A)0DOD0DO0O
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HREREEN

— J0000B =X, PAXy000000O0O0ooooonn
Juoooo

— GershgorinOJ 0 OO0 O O0O0O0OO0OOO

Jgoobobobooobobboudddt

(Matlab demo)
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e (] CholeskyD D 0O OOEASIAMO O OO
e I ILDLTOO
e OO0 OOOOOOJSIAMOOOOOO
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