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function s, = DSum(p,n)
sg = 0;
for 1=1:n
Si = Si—1 D pi;  h D: fl-pt add
end

Jogooboboobobobtttds,0bbbon

Z%;@ < O(u)cond(z Di)

O0000uwDO0OO0OOcond() p,) 0000000 DOOOODOO0O
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e DD DOOOOOONO

) 0000000 @DoO0)d (O(nlogn) operations)
) 0000000000000 (O(n) operations)

e I0DOODODOOODODO (less compiler optimization)

e J0000ODD(0DDODODD)0D0ONDONONDODONOO
J0D0(0D000D00)000 (less portability)

e 1D 0O0ODDOOODDOOODODOO (less portability)
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Error-freel] []

F:O00D0O000DOOOOOO, fi(): 0000000000
u:=2"° 000000000000

Jo0d0d00e,beFUODUOOD0OOOOO0Oxz,yeFOOOOOO

' Knuth (1969) [z,y] = TwoSum(a,b) = z+y=a+Db

Dekker (1971) |z,y] = TwoProduct(a,b) = x4+y=axb
N J

Error-free! (0D O OO OONO)
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TwoSum (Knuth, 1969)

z,y] = TwoSum(a,b) = a+b=z+y (lyl <ulz)

P, © : floating point addition and subtraction

N
! function |z,y] = TwoSum(a,b)
r =a® b;
C =IO a;
Y= (@000
/

Computational cost: 6 flops
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TwoSum(a, b)

Figure 1: JOOO0OO TwoSumUO OO OO0 OO0OO0OOOOn
Jdooodooooddoooogdddoodoontdtdn
la| > [b|00
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TwoSum’ (Dekker, 1971)

z,y] = TwoSum’(a,b) = a+b=z+y (jyl <ulz|)

function [z,y] = TwoSum/'(a,b)
x = a® b;
if |a| > [0]
y=b0 (xS a);
else
y=a0 (xOb);

3 flops + taking 2 absolute values + 1 comparison
—> Computational speed slows down
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Split (Dekker, 1971)
lag,ar] =Split(a) = a=ag+ag

. floating point multiplication

(lag| = laz|)

-

function [az,ar] = Split(a)

c = factor®a; ¥ factor = olsl 41
ag =cO (cO a);

arp, = a9 ay;

4 flops
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TwoProduct (Veltkamp [Dekker, 1971])

lz,y] = TwoProduct(a,b) = axb=zxz+y (lyl <ulzr|)

4 N
function [x,y| = TwoProduct(a,b)

xr=a® b;
lag,ar] = Split(a); % ag+ap «— a
b, br] = Split(b); % by + br, «— b
] y=ar, b, O (((tSag@by)Sar by) S ay Rbr);

17 flops
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TwoProductFMA

FMA: Fused Multiply-Add
By FMA(a,b,c), d := a * b+ c can be calculated in 1 flop. Result

d is rounded to the nearest floating point number.

-

N

function |z,y] = TwoProductFMA (a,b)
r=a®b;
Yy = FMA(CL7 b7 _$)7

17 flops = 2 flops

17 / 52



o000 0Oprecision 00000000000 NOO

18 / 52



OO0 0d0dOdognd error-freel] [

For p € F™, we can obtain the following p’ € F":

p'=VecSum(p) = T+ > ¢=) pi
1=2 1=1

CE" R

P1 T2 T3 Tp—2 -1 Ty,
—> TwoSum TwoSum ——>— —>— TwoSum > TwoSum (———>

CE CC

Y
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VecSum

p' = VecSum(p) = Zpi = Zpg
i=1 i=1

(so-called distillation algorithm)

-

function p = VecSum(p)
for 1=2:n
[Dis Pi—1] = TwoSum(p;, p;—1);

6n flops
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VecSum can be applied iteratively:

n

En:p' VecSum> Z / VecSum Z I VecSum>

— > pi=) pi=) pl =
1=1 1=1 1=1

Error-freel
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SumK

res=SumK(p, K) = res~ Zpi
i=1

function res = SumK(p, K)
for k=1: K —1

p = VecSum(p);
end

n—1
s ()
1=1

(6K — 5)n flops
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SumKD OO OO

cond( " pi) = %Z: (000000)

SumKOOOOvresceFOO OO

|res B sz|
<u+ O(u Cond Di)
>_pil 2

— 0 odogn K
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TwoProduct U OO HOOOOOONOO

For x, y € F", using |h;, ;] = TwoProduct(z;, y;)

szyz = Z(hi+7°i) ( Z%)

1=1

Error-free! (provided no underflow occurs)
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Dot2

function res = Dot2(z,y)
p=20; s =0;
for i=1:n
|h,r] = TwoProduct(z;, y;);
p, q] = TwoSum(p, h);

s=sD(qDT);
end
res =p o s;

25n flops
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DotK

function res = DotK(z,y, K)
ip,71] = TwoProduct(z,y1);
for 1 =2:n
|h, r;] = TwoProduct(x;, y;);
D, 7n1i—1] = TwoSum(p, h);
end
Ton = P,
res = SumK(r, K — 1);

(12K + 1)n flops
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DotKU OO OO

r,ye R, 0000 ood

DotKUOUOOOOOvresecFUOOO

T
res —
| =y <u+ O(u”)cond(z'y).
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We evaluate accuracy of Dot2 and DotK.
e 1. = 2000 (1000 samples)

o Elements of z,y € F™: random numbers in [—1,1] s.t. cond(z!y)
is from 2 to 1012

res — 27y|

e Plot the relative error

or DotK (K =3:7)

where res is the result of Dot2
2Ty
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31/ 52



000000 error-freel] [

AT :
| SR THTITEITIENSSSS R,
| Yz . ,
K 22 | |
| | TN\
| | | |
| | |

53 — M bits - 53 — M bits ' 53 — M bits -

32/ 52



ExtractScalar

o = 9k epso = k=53

function [q, p'| = ExtractScalar(o, p)
qg=1((c+p)—o)
p'=1(p—q)
— p=q-+p (Error-free!)
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ExtractVector

2k—M

bold parts sum to 7
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ExtractVector (DO OO OODONO)

function |7, p'| = ExtractVector(o, p)
TO — 0
fori.=1:n
(q;, pi] = ExtractScalar(o,p;) % p; = q; + P!
7 = (i1 + ) Yo Ti = Ti—1+ ¢
end

— > pi=1c+>.pl, 1<k<n (Error-free!)
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00oDoooooo (1)

Jo0oooododod reselk 0000

res — > p;l
> pil

— Y p,eFOOO0Ovres =) p0
—> [ U U nearest roundingd U 0L 0 0 :

< u (faithful rounding of > p;)

res — i 1 '
’ Zp ’ < -1 (nearest roundlng of sz)

2opil T2
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00ooooooo (2)

O0000Oresy.x := res; +resy + --- + resg, (res, € F)O OO
1 nonoverlappingdd KOO UOOOOOUOOOOOOOOOOODUO
L OO0

\l’eS1:K—ZPz"< 2 uk

> pil “1l—-u

‘reslzK—Zpi §2uK\resl|
0ot oddnogot

(K -fold accuracy)

] [
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00007y, (z,y e 0000000000000 Y7, p;0
J0000000000000000000000000

0 0: Dekker (1971)
lz,y] = TwoProduct(a,b) = zx4+y=axb
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0000 (1)
O0000AccSUmOOO0O00OOoOooon
1=1

e cond(Yp;) 0400000000 DO 101000

e 00000000 DDODO0D0DODDOD0D Sum2(04000)0
XBLAS (0 4000)000
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Table 1: Floating-point operations needed for different dimensions

and condition numbers

n cond | DSum AccSum Sum?2 XBLAS
1000 10° n m m 10n
1000 10'° n 11n n 10n

10 10 n 15n m 10n

DSum: OO OO O0OOO

AccSum: OO0 OO0 OOOO0OOOODOOO0OOO, faithful™d
Sum2: 0000020004000 0

XBLAS: OO0 OO200BLASOOOOOO
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Table 2: Measured computing times for cond = 109, time of DSum

normed to 1

CPU | Intel Pentium 4 (2.53GHz)
Compiler | Intel Visual Fortran 9.1

n | Sum2  XBLAS AccSum

100 | 24.1 75.9 14.1

400 | 26.9 81.9 13.1

1,600 | 20.0 57.8 0.6

6,400 | 20.0 57.8 0.6

25,600 | 20.4 59.1 13.8
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— — —DSum
—v— Sum?2
—+— SUmXBLAS
—E&— AccSum

dimension (n)
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Table 3: Measured computing times for cond = 10, time of DSum

normed to 1

CPU | Intel Itanium 2 (1.4GHz)
Compiler | Intel Fortran 9.0

n | Sum2  XBLAS AccSum
100 2.9 17.3 7.8
400 4.7 31.6 10.7
1,600 7.3 50.5 15.8
6,400 7.8 54.5 16.5
25,600 7.9 55.6 21.5
102,400 7.3 50.0 25.6
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Table 4: Measured computing times for cond = 109, time of DSum

normed to 1

CPU | AMD Athlon 64 (2.2GHz)
Compiler | GNU gfortran 4.1.1

n | Sum2  XBLAS AccSum
100 2.0 4.8 2.8
400 3.1 7.6 4.1
1,600 3.1 7.7 4.1
6,400 3.1 7.7 4.2
25,600 3.1 (.7 5.7
102,400 2.3 5.7 8.0
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0000 (2)

OO00o000doAcSUMOO 000000000 Ooooooon
Juoogduootgd

DSum: DO OO0 O0O

AccSum: OO0 O (faithful)

Priest: Priest’s doubly compensated summation (faithful)
Malcolm: Malcolm'’s efficient long accumulator (faithful)
LongAccu: traditional long accumulator (faithful)
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Table 5: Measured computing times for cond = 10, time of DSum

normed to 1

CPU | Intel Pentium 4 (2.53GHz)
Compiler | Intel Visual Fortran 9.1

n | Priest Malcolm LongAccu AccSum
100 | 187.1 175.9 711.2 14.1
400 | 311.9 148.1 761.9 13.1
1,600 | 305.7 97.8 540.9 9.6
0,400 | 345.7 96.5 540.9 9.6
25,600 | 407.1 08.7 554.2 13.8
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Table 6: Measured computing times for cond = 10, time of DSum

normed to 1

CPU | Intel Itanium Il (1.4GHz)
Compiler | Intel Fortran Compiler 9.0
n | Priest Malcolm LongAccu AccSum
100 | 129.7 49.0 241.5 7.8
400 | 317.4 43.6 448.1 10.7
1,600 | 609.5 50.9 717.6 15.8
6,400 | 797.8 49.3 767.5 16.5
25,600 | 957.0 49.4 790.2 21.5
102,400 | 1056.2 43.8 711.3 25.6
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